This paper is concerned with the analysis of a singularity that can occur in threedimensional discontinuous feedback control systems. The singularity is the two-fold -a tangency of orbits to both sides of a switching manifold. Particular attention is placed on the Teixeira singularity, which previous literature suggests as a mechanism for dynamical transitions in this class of systems. We show that such a singularity cannot occur in classical single-input single-output systems in the Lur'e form. It is, however, a potentially dangerous phenomenon in multiple-input multiple-output switched control systems. The theoretical derivation is illustrated by means of a representative example.
Introduction and Background
Hybrid and switched models are being increasingly used in applications to describe a large variety of physical devices. Examples include mechanical systems with friction and backlash, electrical and electronic circuits, walking and hopping robots and, more recently, biological and neural systems [19, 20, 2, 3, 4, 14, 21, 8, 7, 9, 26, 5, 10, 15, 1, 6] . Many of these systems can be described by sets of piecewise smooth ordinary differential equations (ODEs) whose phase space is partitioned, by a set of switching manifolds, in different regions each associated to a different functional form of the system vector field. Much research attention has been focussed on the analysis of piecewise smooth dynamical systems (see for example [13, 22, 11] ). These systems can exhibit several interesting phenomena, including sliding motion, which occurs in a region of the switching manifold termed the sliding region, where the system vector field points towards the manifold from both sides. If a trajectory intersects the sliding region, say Σ s , it is then constrained to evolve on it until reaching its boundary ∂Σ s . Such a boundary occurs where the vector field is tangent to the switching manifold on at least one side. One can thus distinguish between two boundaries, depending on which side of the switching manifold the vector field is tangent to. In many systems of interest in applications, such boundaries do not intersect in the interesting region of phase space. For example, in three-dimensional relay control systems or friction oscillators, the boundaries have been shown to be parallel lines in the switching manifold.
In their pioneering work on piecewise smooth systems, Teixeira and, independently, Filippov, have proposed that, if the boundaries of the sliding region intersect transversely at a point called a two-fold, this can have a dramatic effect on the system dynamics [23, 13, 24] . For particular configurations of the vector field, dynamics in a neighbourhood of such points can be structurally unstable, and the dynamics around these points can be rather intricate. To date we are not aware of the two-fold having been observed in a control system, however until recently little was known about even the qualitative dynamics around the singularity. Recently [18] have shown that a particular occurrence of the two-fold, called the Teixeira singularity, may exist in two forms (see Figure 1 ). In one case, shown in the left of Figure 1 , trajectories flow safely past the Figure 1 : Dynamics around the Teixeira singularity. Left: the benign case, orbits spiral around from the escaping to sliding region. Right: the diabolical case, a double cone creased at the switching manifold delimits regions of attraction (surrounding the sliding region), of repulsion (surrounding the escaping region), and of spiralling flow (outside the double cone). singularity, and therefore it could certainly be missed. In a potentially more dangerous form (right in Figure 1 ), the singularity sits at the apex of a pair of creased cones -a 'nonsmooth diabolo' -attracting orbits within one and repelling them within the other, and trajectories may reach the singularity via the sliding region, where lack of uniqueness at the singularity provides the conditions for a nondeterministic form of chaos [12] . Between the two cases is a bifurcation associated with the birth of limit cycles. Now, one of the most notable applications of hybrid and switched systems is the design of controllers based on the use of switching actions as, for instance, variable structure controllers [27] . For example, it has been suggested in [28, 16] that switched state feedback controllers, or switched PID controllers can be used effectively to achieve some desired control objective in the presence of changes in the operating conditions, noise or unmodelled dynamics. Therefore, an open problem is to assess whether Teixeira singularities are present in the closed-loop systems under a switched control action as this aspect seems to have been neglected in many of the classical books and papers on the topic. The analysis can have two possible outcomes: either Teixeira singularities are not possible or such phenomena can indeed occur in a switched control system. In the latter case, rigorous conditions for their occurrence (or avoidance) should be given together with a classification of the possible dynamical scenarios they organise.
This suggests that a gap exists in the literature on the dynamics of switched control systems, which this paper aims to fill by studying the occurrence of Teixeira singularities in threedimensional switched output-and state-feedback controllers. In particular, starting from systems in the classical Lur'e form, we then investigate the case of more general switched multiinput multi-output controllers. In so doing, we give analytical conditions for the occurrence of Teixeira singularities and the classification of the associated dynamics they induce. By using a representative example, we validate the theoretical derivation via appropriate numerical simulations.
The rest of the paper is outlined as follows: in Section 2, we introduce the Teixeira singularity and give algebraic conditions for its occurrence. In Section 3, we classify the dynamic regimes that can be found around this singularity and then, in Section 4, we investigate how this singularity can take place, or be avoided, in different control schemes. Finally, in Section 5 we discuss some examples.
The two-fold singularity
We consider a three-dimensional piecewise smooth dynamical system of the forṁ
where x ∈ R 3 is the state vector, F ± (x) : R 3 → R 3 are the system vector fields and σ(x) : R 3 → R is the scalar function defining the switching manifold, Σ, by the condition
Solutions of (1) are to be intended in the sense of Filippov's differential inclusions, hence, as we detail later on, forward or backward-time uniqueness of solutions is not granted in certain regions of the state space.
Following [23, 24, 25] , a pointx ∈ R 3 is said to be a two-fold singularity of system (1) if it is a point where Σ is smooth and the flows of the two vector fields F + (x) and F − (x) are tangent to the switching manifold at x =x. From now on, all functions of x evaluated atx are written with the hat symbol and without argument. Specifically we give the following definition.
Definition 1 A pointx is a two-fold singularity iḟ
Moreover, the following two nondegeneracy conditions, are satisfied:
1. The curves along which the flows of the two vector fields are tangent to the switching manifold intersect transversely. That is
is the Jacobian matrix of F (x), and σ xx (x) is the Hessian matrix of σ(x) that vanishes when Σ is flat.
2. The vector fields are quadratically tangent to the switching manifold near the singularity, that isσ = (σ xF ± ) xF ± = 0.
The first condition is illustrated in Figure 2 where, for simplicity, σ(x) and σ x (x)F ± (x) are presumed to be affine functions of x. If T is singular then either the nullclines σ x (x)F ± (x) = 0 are coplanar or their intersection with Σ is not a unique point. If T is nonsingular then the switching plane σ(x) = 0, and the nullcline planes σ x (x)F + (x) = 0 and σ x (x)F − (x) = 0, are in a generic position relative to each other, meaning that none are coplanar and that their three pairwise lines of intersection cross at a unique point: the two-fold singularity.
An alternative interpretation is possible by noticing that, whenσ xx = 0, we can rearrange the determinant into the form
where P (x) = (F + (x) + F − (x))/2 is the average of the vector fields at the switching manifold and Q(x) = F + (x) − F − (x) is the size of the correction applied there. The singularity condition states that the rotation axisσ xPx ×σ xQx is non-vanishing and does not lie in the switching manifold .
The second condition distinguishes between three qualitatively different singularities as illustrated in Figure 3 :
In what follows, we focus our investigation on the Teixeira singularity in generic threedimensional switched control systems consisting of a linear forward path and a switching feedback action.
Note that, in general, the switching manifold around a two-fold singularity is divided into four regions: one where the vector field points towards the manifold from both sides, named the sliding region (Σ s ); one where the vector field points away from the manifold from both sides, named the escaping region (Σ e ); and two where the vector field normal component to the manifold has the same direction on the two sides, named the crossing regions (Σ c ). In the particular case of a Teixeira singularity, (Figure 3 -1) the curvature of the vector fields on the two sides of the switching manifold wraps orbits around the singularity, generating intricate dynamics that depend on the relative direction of the vector fields at the singularity, as we explain in the next section.
Ideal sliding dynamics can be assumed to apply in the sliding and escaping regions, where σ(x) = 0 and σ x F + (x)σ x F − (x) < 0. Sliding orbits herald a loss of uniqueness of solutions. In the sliding region where σ 
The normalised sliding vector fieldF(x) is obtained by multiplying F(x) by the scalar function
, which goes to zero at the singularity. Hence the dynamics of F(x) andF (x) are equivalent except at the singularity, whereF(x) has an equilibrium due to the normalisation. As a consequence, orbits that reach the singularity or depart from it asymptotically inF (x), do so in finite time in F(x). Additionally, orbits ofF (x) and F(x) flow in opposite direction in Σ e , where σ x (F − (x) − F + (x)) is negative. Keeping in mind these important differences, sliding dynamics around the singularity can be effectively analysed by studying the orbits ofF(x). Figure 3 : Types of two-fold: 1. the Teixeira singularity, 2. the visible two-fold, and 3. the visible-invisible two-fold. Typical orbits of the vector fields F ± are shown. Regions are labelled as in the text: Σ c crossing regions, Σ s sliding region, Σ e escaping region.
Classification of the dynamics
Without loss of generality we assume σ(x) to be a linear function of x in the region of interest, so that σ x does not depend on x and σ xx = 0 (this is achieved with a suitable change of variables near any smooth portion of the switching manifold). [18] classified the dynamics in the neighbourhood of the Teixeira-singularity as follows. Let the singularity be atx. Define the two quantities v and w as
The quantity v measures the component ofF + that is normal to the tangency line of F − , divided by the component that is normal to the tangency line of F + , while w measures the component ofF − that is normal to the tangency line of F + , divided by the component normal to the tangency line of F − . These definitions greatly simplify the analysis, since v and w go to zero whenF ± is tangent to the tangency line of F ∓ , while their product goes to unity whenF + andF − have the same direction. In this case one can either have v, w < 0, in which caseF + andF − have opposite orientations, or v, w > 0, when they have same orientation. Notice that the denominators are bounded away from zero by nondegeneracy condition 2 in Definition 1.
Then the dynamics, as described below, depend on the quantities:
where σ xF + xF
sign(vw − 1) = sign det σ xF
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Let a maximal orbit describe the concatenation of all segments of a single trajectory that lie above, below, or on the switching manifold, including intersection points where the orbit crosses or begins to slide. Orbits in the neighbourhood of the Teixeira singularity then satisfy the following:
(i) If vw > 1 and v, w < 0: any maximal orbit crosses the switching manifold an infinite number of times. There exist a pair of invariant surfaces that meet at the singularity. Additionally, orbits in the sliding region near the singularity reach it in finite time.
(ii) Otherwise any orbit may only cross the switching manifold a finite number of times. Let N be the number of times a maximal orbit may cross the switching manifold : N ≤ 1 if v > 0 and/or w > 0, N ≥ 1 if 0 < vw < 1 and v, w < 0. Orbits in the sliding region near the singularity are repelled from it.
A bifurcation occurs when vw = 1 with v, w < 0. A limit cycle is born from the singularity at the bifurcation, as it will be illustrated in the example section (for a detailed proof of this statement see [18] ). For vw < 1 the singularity is a saddlepoint ofF(x), with its unstable manifold in the sliding region. For vw > 1 the singularity is a node ofF(x), which is repelling if v, w > 0 and attracting if v, w < 0. Hence, vw > 1 with v, w < 0 is the only case where orbits in the sliding region are attracted toward the singularity. Figure 4 . It is a three-dimensional system with m inputs and p outputs consisting of a linear forward path and a switched nonlinear feedback. In the state-space domain, the linear part can be described aṡ
The feedback action is described by u = −φ(y) where φ : R p → R m is assumed to be a piecewise affine function of the form
with H ± ∈ R m×p , E ± ∈ R m and σ : R p → R being the linear scalar function σ(y) = Sy + s 0 where S ∈ R 1×p and s 0 ∈ R. Here, without loss of generality, we assume that S = 0 and s 0 = 0.
The resulting system is in the form given by (1) where
and the switching manifold Σ is defined as
In the following subsections we consider first the SISO case (case I) where C = (1 0 0) without loss of generality (corresponding to the classical Lur'e problem), and show that two-fold singularities do not occur. Thereafter we consider more general cases where two-fold singularities can occur and derive the necessary conditions. These include a multiple output system where C is a general rectangular matrix (case II), and full state feedback where C is the identity matrix (case III). An interesting special case is a two-dimensional output where the feedback depends on the output y and its integral.
Case I. SISO
In this case, the output y = Cx is a scalar. It is easy to show that no two-fold singularity is possible because the two lines where the vector fields are tangent to the switching manifold Σ are always parallel (Figure 2(left) ). Let us demonstrate this with the condition (3) for this simple case, using more geometrically explicit notation.
The condition det(T ) = 0 states that the two tangency lines of F ± on Σ are transverse. The tangency lines are where σ x F + = 0 and σ x F − = 0 on σ = 0, i.e. the solutions of σ x (F ± x x − BE ± ) = 0. Since T is a 3 × 3 matrix we have that det(X, Y, Z) = X · (Y × Z) in terms of the scalar triple product for general vectors X, Y, Z. In this case
where the second lines follows from (14) and the last line comes from multiplying out the cross product. That the cross product does not vanish implies the nullcline planes σ x F + and σ x F − are not coplanar, so their intersections with σ = 0 should be two distinct lines. However, the quantities S, H and CB are scalars, so we have
Clearly C · (CA × C) = CA · (C × C) = 0, meaning that the two tangency lines are parallel as illustrated in Figure 2(left) , and giving det(T ) = 0.
This violates the condition for two-fold singularities, and therefore might explain why the Teixeira singularity has never been observed in the classical literature on switched control systems, where the typical models are of the single-output system type investigated in this section.
Case II. MIMO
In the most general case, the system is characterised by p outputs and m inputs. In this case C is a p × 3 matrix and S is a 1 × p matrix and the matrix T in (3) is the 3 × 3 matrix:
which, unlike the single output case, it is not generally singular, so Teixeira singularities will occur generically.
Remark 1 Note that the multiple output case includes switched state-feedback control. In this case the output matrix C is the 3 × 3 identity matrix so the full state is available for feedback, i.e. y = x. Consequently, the tangency lines are solutions of the equations
The Jacobian is simply J ± = A − BH ± and the transversely condition in (3) becomes
Remark 2 An interesting special case is that of a two-dimensional linear plant with a dynamic scalar output feedback. Specifically, this is the case whereẋ =Ãx +Bu withx ∈ R 2 is a planar linear system and the feedback function is set to be
withỹ being a scalar output, sayỹ =Cx.
It is easy to show that this system can be recast as the general system with multiple outputs. Namely, we extend the state vector by defining x = x T , ỹ T . Then, we choose the matrices in (12) as:
and those in (13) as
The dynamics close to the singularity can be analysed using the results presented in Section 3, as will be illustrated next by means of a representative example.
Examples
Here we give three abstract examples that demonstrate the range of behaviour predicted by the analysis above, followed by a model of a PID controller that exhibits a Teixeira singularity for physically viable parameter values.
SISO, SIMO, and MIMO
Consider, as a first example, a SISO system described by the following matrices The switching manifold Σ has equation SCx = 0, which in this case is equal to x 1 = 0, and the components of F + and F − normal to Σ at x 1 = 0 are respectively x 2 − 1 and x 2 + 2. Equating these to zero gives the tangency lines which are, as expected, parallel. An orbit of this system is depicted in Figure 5 .
Next consider the same system with an additional output. We keep all matrices unchanged except for B, C and S which become
The switching manifold is again the surface x 1 = 0, but the tangency lines now intersect at the point x = (0 − 1/2 3/2) T . With a little algebra one can show that, independently of the particular choice of the system's matrices, the vector fields F ± at the singularity are equal tô
2 Figure 5 : An orbit of the SISO system. The shaded surface is the sliding region Σ s with parallel boundaries.
that is, they coincide. Hence, a SIMO control scheme can exhibit a Teixeira singularity but, in that case, vw = 1, v, w > 0, for all choices of parameters. This implies that all orbits starting near the singularity (except those starting in the escaping region which is, however, a set of codimension one with respect to the state space) are repelled from it. For the choice of parameters in (22) , for example, the pointx is a Teixeira singularity, and neighbouring orbits are plotted in Figure 6 . Now consider the same system with an additional input. We keep the same matrix A, while the other matrices become
We observe the system near the singularity for different values of parameter b 31 around 0. The switching manifold is again the surface x 1 = 0, but the tangency lines now intersect at the point x = (0 − 1/2 3/2) T . At the singularity, the vector field on the two sides of the switching Figure 6 : Orbits of the SIMO system. The vector fields F ± coincide at the singularity and, as a consequence, nearby orbits are pushed away from it. manifold isF
thusF + andF − are antiparallel when b 13 = 0, which corresponds to vw = 1, v, w < 0, the bifurcation introduced in Section 3. In Figure 7a we have vw ≃ 0.98, which implies that orbits near the singularity reach the sliding region after crossing the switching manifold a finite number of times. The product vw is approximately equal to 1.1 in Figure 7b and 1.5 in Figure 7c , implying that orbits near the singularity may cross the switching manifold an infinite number of times. With the choice of parameters in this example, a stable limit cycle emerges from the singularity as b 31 crosses zero.
At the same time, when the cycle exists, orbits starting close enough to the sliding region (hence in an open subset of the state space!) all converge to the singularity in finite time (since vw > 1 and v, w < 0), and are reinjected into the escaping region. Since the vector field at the singularity is not uniquely defined, the evolution of the system after this point is undetermined. This is depicted in Figure 8 , where two orbits with different initial conditions are plotted with parameters as in Figure 7c : the black one converges to the limit cycle, while the grey one falls on the sliding region, and reaches the singularity at t =t. 
A PID controller
The model depicted in Figure 9 is derived from a proportional-integral-derivative (PID) controller proposed in [17] (see also [29] ). There, a variable structure (switching) PID controller was introduced to prevent integrator windup, which can cause significant loss of performance when used in systems with actuator saturation. The system consists of: a second order plant G p controlled through a PID controller, an actuator which saturates the control input from above, and an anti-windup feedback loop.
The system can be modeled by a piecewise-linear ordinary differential equation in R 3 , given bẏ
where x = (x 1 , x 2 , x 3 ) T and
The switching function is given by
This changes sign when the control input passes the saturation value u sat . As depicted in Figure  9 , the error (x 1d − x 1 ) is multiplied by a constant k p , it is derived and the result multiplied by k d . Then this is integrated and multiplied by k i . When the control input is not saturated (σ > 0) the saturator behaves like the identity function. Otherwise (σ < 0) the saturator output is u sat . Figure 8 : Two orbits of the MIMO system with parameters as in Figure 7c , which has a Teixeira singularity at x = (0, −0.5, 1.5) T . The black orbit converges to the limit cycle, while the grey one slides and reaches the singularity at t =t. After this point, the evolution of the system is not uniquely defined.
Then the anti-windup feedback loop is active, and instead of integrating the error we integrate ρσ(x).
The two lines of folds, whereẋ is tangent to the switching manifold, are given by
and
These cross at the point
To verify thatx is a Teixeira singularity we must show: 
2. nondegeneracy: the folds cross transversally. This holds if det T = 0, or, from (26) (27) , simply if k i = 0.
An example of a parameter range where these conditions are satisfied is: k p = −11.5 + 3k, k d = −3.25 + k, k i = −3.25 + 2k, k ∈ [4.1, 10], ρ ∈ [0.1, 0.5], u sat ∈ [0, 10), (a 1 , a 2 ) = (10, 6), x 1d = 1.
The system this defines is stable (as is easily checked, for instance by plotting the first column of the Routh-Hurwitz scheme). In this, as in many examples we considered, it is found that the product vw equals unity (for all choices of parameter values). The parameters listed above also give v, w > 0. The classification in Section 3 reveals that trajectories local to the Teixeira singularity atx can cross the switching manifold only a finite number of times before sliding, and then will flow away from the singularity, giving qualitatively the scenario shown in Figure  7 (a). For these parameters, only orbits in the escaping region are able to reach the singularity.
Conclusions
We have discussed the occurrence of the Teixeira singularity in discontinuous control systems.
After introducing analytical conditions to study the existence of such two-fold singularities in systems of interest, we gave a classification of the dynamics nearby. We then asked why such a singular point has not been frequently detected in the literature on classical nonsmooth control systems in the Lur'e form. We found that indeed the singularity is only present in MIMO systems of this type. Thus classical relay systems, for example, do not exhibit this phenomenon. We then used a representative example to illustrate the possible scenarios when a Teixeira singularity does occur. We saw that its occurrence can give rise to a stable limit cycle and, more notably, to orbits leading to the singular point itself. After reaching this point the orbits are undetermined because the vector field at the singularity is not uniquely defined. Finally we showed an example from the literature where a Teixeira singularity occurred in a design problem.
From the synthesis viewpoint, our analysis indicates that it is important to properly account for the presence of possible Teixeira singularities in closed-loop systems. Indeed, their presence must be avoided, particularly if the control objective is the stabilisation of some equilibrium of interest. At the same time, our results show that inducing a Teixeira singularity in the closed loop system might be a powerful mechanism to produce and control stable limit cycles. The problem in this case is that of properly characterising the region of asymptotic stability of the cycle which, as shown by some preliminary results, can have a complex geometry.
The issue of forward-time non-uniqueness in Filippov systems is well known but often overlooked, because it affects only trajectories in the escaping region, which is locally repelling. The fact that a two-fold allows trajectories from the attractive sliding region to access these forwardtime ambiguities, leading to nondeterminism, corresponds to an enormous sensitivity on initial conditions in real physical systems that can no longer be ignored. The Teixeira singularity is one particular example of the resultant behaviour, and further understanding of its occurrence in real applications promises to contribute both to the design of robust efficient controllers, and to the evolving theory of nonsmooth dynamical systems.
Ongoing work is aimed at understanding the role of nonlinearities as we move away from the singularity, and at generalising the analysis presented in this paper to higher dimensional control systems, where a proper theory of Teixeira singularities is completely lacking.
